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1 Introduction 
A design is a pair (X,B) where X is a finite set of elements and B is a finite collection 
of (not necessarily distinct) subsets (called blocks) of X. A balanced incomplete block 
design, BIBD(v,b,r,k,>.), is a design with v elements and b blocks such that 
(i) each element appears in e..'Cactly r blocks 
(li) each block contains exactly k(~ v) elements 
(iii) each pair of distinct elements appears in exactly>. blocks 
Since r( k - 1) = >.( v - 1) and vr = bk are well-known necessary conditions for the 
existence of a BIBD(v,b,r,k,>') we denote this design by BIBD(v, k, >.). 
Let G be a finite group with identity e, and let Z( G) be the group ring of Gover 
the ring of integers Z. A generalised Bhaskar Rao design (with one association class) 
with parameters v, b, r, k, >. and G is a v X b matrix with entries from G U {O}, where 
o ¢ G, such that 
>. 
WW+ = reI + iGT I: g(J - I) 
gEG 
(1) 
where W+ is the transpose of W with the group elements replaced by their inverses, 
and the product WvV+ is evaluated in Z(G). 
1 
. t .. .. 
; 
Let N be the matrix formed from ltV by replacing its group element entries by 1; 
then (1) gives 
NNT = (r - A)1 + AJ 
that is, N is the incidence matrix of a B1BD(v,k,A). Thus we use the notation 
GBRD( v, k, Aj G) to denote a generalised Bhaskar Rao design with one association 
class. Note that a necessary condition for the e..xistence of a G BRD( v, k, Aj G) is IGII A. 
Note that the existence of a GBRD( v, k, Aj G) for some v, k and G implies the 
existence of a GBRD(v,k,CA;G) for all c, by concatenation. 
In this paper we are concerned only with the case where G is the group Zn of 
integers modulo n. We will use + to denote the addition in Zn (the 'multiplication' 
of the group ring Z(Zn]) and EB to be the addition of the group ring. The zero of the 
group ring will be denoted by *j the identity of Zn by 0 as usual. 
We further restrict attention to the case n evenj necessary and sufficient conditions 
for the existence of a G B RD( v, 3, Aj Zn) where n is odd are given in (2]. 
2 The group Z2t, tEN 
Theorem 2.2 below eliminates the possibility of the existence of certain 
GBRD( v, k, Aj Z2t)S . 
Lemma 2.1 If there is a GBRD(v,k,AjZmn) then there is a GBRD(v,k,AjZn). 
Proof: R~place every group element entry x of the GBRD(v,k,A;Zmn) by x (mod 
n). Clearly the resulting matrL"{ is a GBRD( v, k, Aj Zn). 0 
Theorem 2.2 A necessary condition for the existence of a GBRD( v, k, 2ctj Z2t) with 
t, k and C odd is v == 0 or 1 (mod 4). 
Proof: In view of Lemma 2.1 above it is sufficient to prove the result for t = 1 only. 
Let k and C be odd and suppose there exists a GBRD(v,k,2cjZ2)j denote it by B. 
Let B be the set of matrices, of the same size as B, with *'s in the same positions as 
B and elements of Z2 els~where. vVe associate with every matrix M E B a binary m 
-vector !l.(M) as follows. Let ME B. If (ri,rj) is any pair of rows of M define 
where the ai are given by 
Label the distinct unordered pairs of rows of M by PI (M), P2( M), ... ,P(;) (1vl) (where 
the ordering is the same for all M E B). Define !l.(M) by 
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Now consider I'll E 8 and let .J.V/' be the ma,trix obtained from M by replacing one 
of its group element entries a by the group element a'. This change can only affect 
k - 1 pairs of rows; we have 
!l( M') = !l( M) + ~ 
where ~ is a vector of weight k - 1 if a - a' = 1 and is the zero vector otherwise. 
Let A be the matrix in 8 with every group element entry 0, so that !leA) is the 
zero vector. Since B can be obtained from A by repeatedly replacing occurrences of 
the group element entry 0 by the group element entry 1, it follows that !l(B) lies in 
the span of a set of vectors all of weight k - 1. Since k - 1 is even, and the set of even 
weight binary G)-vectors is a subspace of the vector space of binary (~)-vectors, !l(B) 
has even weight. 
Now since B is a GBRD over Z2 with .x = 2c, c odd, 
d(pi(B)) = c(O + 1) = 1 
ie. !l(B) has every component equal to 1, and so has weight (~). 
Thus (~) is even, i.e. v == 0 or 1 (mod 4). o 
The rest of the paper gives constructions for G B RDs with k = 3 and with k = 4. 
St will denote the subset {1,2, ... ,t -l,t + 1, ... ,2t -1} of Z2t where tEN. (We 
assume that we add and multiply elements of St as elements of Z2t. 
The following lemma is a generalisation of Lemma 3.1 [4]. 
Lemma 2.3 If there exist 
(i) k - 1 permutations 11"I, 11"2, ••• , 11"k-1 of St, tEN, such that for all 
P,qE{1, ... ,k-1}, P=f;q, 
(ii) aGBRD(v,k,2jZ2) 
(iii) a BIBD(v,k,l) 
then there exists a GBRD(v,k,2t;Z2t). 
(2) 
Proof: In the GBRD( v, k, 2; Z2) replace each 1 by t, to give a matrix A. Let B be 
the incidence matrix of the BlBD( v, k, 1), with entries * and O. Form a new incidence 
matrix e from B by, replacing in each column of B, 
(i) each * by a row of 2t - 2 *'s 
(li) the ph 0 by 11"j(l), ... , 11"j(2t - 1) 
(iii) the kth 0 by a row of 2t - 20's 
(j = 1, ... ,k - 1) 
Then Bile is a GBRD(v,k,2t; Z2t) (where II denotes concatenation). o 
Lemma 2.4 For all t ~ 4 there exist at least two permutations 11"1,11"2 of St satisfying 
(2) of Lemma 2.3. 
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Proof: We consider separately the four cases according to the congruency modulo 4 
of t. In each case 11"1 is taken to be the identity, and we exhibit a construction for a 
particular 11"2. Recall that operations are modulo 2t. 
(i) t == 0 (mod 4) 
Put u = ~t, and take 
4u - i - 1 
u-1 
(i=1, ... ,u-1) 
(i = u) 
4u- i (i = u + 1, u + 2, ... ,2u - 1, 2u + 1, ... , 3u - 1) 
4u - i - 3 
4u - i + 1 
(i = 3u, 3u + 2, ... ,4u - 2) 
(i = 3u + 1,3u + 3, ... ,4u -1) 
Then 11"2(St) is the union of the following sets 
{11"2(i) i=1,2, ... ,u-1} 
{11"2(i) i =u} 
= {4u - 2, 4u - 3, ... , 3u} 
{u-1} 
{11"2(i) i=u+1, ... ,2u-1,2u+1, ... ,3u-1} = {3u - 1, 3u - 2, ... , 2u + 1, 
2u - 1, ... , u + I} 
{11"2( i) I i =3u, 3u + 4, ... , 4u - 2} 
{11"2(i) i =3u + 1,3u+ 3, ... ,4u - 3,4u - I} 
= {u-3,u-5, ... ,3,1,4u-1} 
= {u, u - 2, ... ,4, 2} 
which is St, and {i - 11"2 ( i) liE St} is the union of the following sets 
{i-'1r2(i) i=1,2, ... ,u-1} = {3,5, ... ,2u-3,2u-1} 
{i - 1r2(i) i =u} = {I} 
{i - 1r2(i) i =u + 1, ... , 2u - 1, 2u + 1, ... , 3u - I} = {2u + 2, 2u + 4, ... , 4u - 2, 
{i-11"2(i) I i=3u,3u+2,3u+4, ... ,4u-2} 
{i - 11"2(i) i =3u + 1, 3u + 3, ... , 4u - 3, 4u - I} 
which again is St. 
(ii) t == 1 (mod 4) 
Put u = ~(t - 1) and take 
4u - i + 1 
u-1 
(i=1, ... ,u-1) 
(i = u) 
2, ... ,2u - 2} 
= {2u+3,2u+7, ... ,4u-1} 
= {2u + 1, 2u + 5, ... , 4u - 3} 
4u - i + 2 
4u - i-1 
(i = u + 1, u + 2, ... , 2u, 2u + 2, ... , 3u + 1) 
(i = 3u + 2, 3u + 4, ... , 4u) 
4u - i + 3 (i = 3u + 3,3u + 5, ... ,4u + 1) 
Then 1r2( St) is the union of the following sets 
{1r2(i) i=1,2, ... ,u-1} = {4u,4u-1, ... ,3u+2} 
{1r2(i) i =u} = {u -I} 
{1r2(i) i=u+1,u+2, ... ,2u,2u+2, ... ,3u+1} = {3u+1,3u, ... ,2u+2, 
{1r2(i) I i=3u+2,3u+4, ... ,4u} 
{11"2(i) i=3u+3,3u+5, ... ,4u+l} 
4 
2u, ... ,u + I} 
= {u-3,u-5, ... ,1,4u+1} 
= {u,u-2, ... ,2} 
" 
) 
"; 
i: 
which is St, and {i - 1I"2(i) liE St} is the union of the following sets 
{i-1I"2(i) i=1,2, ... ,u-l} 
{i-1I"2(i) i=u} 
= {3, 5, ... , 2u - I} 
{I} 
{i-7r2(i) i=u+l,u+2, ... ,2u,2u+2, ... ,3u+l} = {2u + 2, 2u + 4, ., . ,4u, 
2,4, ... ,2u} 
= {2u+5,2u+9, ... ,4u+l} 
= {2u+3,2u+7, ... ,4u-l} 
{i - 7r2( i) \ i =3u + 2, 3u + 4, ... , 4u} 
{i - 7r2(i) i =3u + 3,3u + 5, ... ,4u + I} 
which again is St. 
(iii) t == 2 (mod 4) 
Put u = ~(t + 2), and take 
4u-i-5 (i=1, ... ,u-1) 
u-1 (i=u) 
4u - i - 4 (i = u + 1, u + 2, ... , 2u - 3, 2u - 1, ... , 3u - 5) 
7r2(i)= u (i=3u-4) 
u-3 (i=3u-3) 
4u - i - 7 (i = 3u - 2, 3u, ... ,4u - 6) 
4u - i - 3 (i = 3u - 1,3u + 1, ... ,4u - 5) 
Then 7rz(St) is the union of the following sets 
{4u - 6,4u -7, ... ,3u - 4} {1r2(i) I i=1, ... ,u-1} 
{7r2{i) i=u+l, ... ,2u-3,2u-l, ... ,3u-5} = {3u - 5, 3u - 6, ... , 2u - 1, 
{7r2(i) i=3u-2,3u, ... ,4u-6} 
{7r2(i) i=3u-l,3u+l, ... ,4u-5} 
{7r2(i) i =u,3u - 4,3u - 3} 
2u-3, ... ,u+ I} 
= {u-5,u-7, ... ,1,4u-5} 
= {u-2,u-4, ... ,4,2} 
= {u - 1, u, u - 3} 
which is St, and {i - 7r2(i) liE St} is the union of the following sets 
{i-7r2{i)\i=1,2, ... ,U-1} = {3,5, ... ,2u-1} 
{i-7r2(i) i=u+l, ... ,2u-3,2u-l, ... ,3u-5} = {2u+2,2u+4, ... ,4u-6, 
2, ... ,2u - 6} 
{i-7r2(i) i=3u-2,3u, ... ,4u-6} = {2u+3,2u+7, ... ,4u-5} 
{ i - 7r2 (i) i =3u - 1, 3u + 1, ... , 4u - 7, 4u - 5} 
{i -7r2(i) i =u,3u - 4,3u - 3} 
= {2u + 1, 2u + 5, ... , 4u - 7} 
= {1,2u-4,2u} 
which again is St. 
(iv) t == 3 (mod 4) 
There are two sub cases: 
(a) t== 1,2 (mod 3) 
Let 
( .) {4i 11"2 t = t _ 2i 
(i=1,2, ... ,t-1) 
(i = t + 1, t + 2, ... ,2t - 1) 
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Because t is odd, {4£ Ii = 1,2, .... , t - 1} is the set of even elements of St 
and {t - 2i Ii = t + 1,t + 2, ... ,2t -1} is the set of odd elements of St. 
Therefore 1['2 is a permutation of St. 
We must show that 'lr1 - 1['2 is a permutation of St. Now for i E St 
{ 
i - 4i = -3i 
i - (t - 2i) = 3i + t 
Since 2t is not divisible by 3, for i,j ESt, 
-3i = -3j ¢::::> 3( i - j) = 0 ¢::::> i - j = 0 {:::::::> Z = J 
Similarly, for i,j ESt, 
3i + t = 3j + t {:::::::> i = j 
To prove that 1['1 - 'lr2 is a permutation of St it remains to show that 
-3i # 3j + t (i E {1, ... , t - 1}, j E {t + 1, ... , 2t - 1}) 
ie. that 
-3i # 3j (i,j E {1, ... ,t -1}) 
But this follows since for i, JESt, -3i = 3j {:::::::> i = - j similarly to above. 
(b) t == 0 (mod 3) 
Put t = 12u + 3, and take 
2 
12u + 5 - 2i 
12u + 6 - 2i 
24u + 6 - 'Ir(12u + 3 - i) 
12u + 1- 2i 
24u + 4 - 2i 
12u + 2 - 2i 
12u - 1- 2i 
24u + 6 - 2i 
24u+5 
12u+4 
24u + 6 - 'Ir( 12u + 3 - i) 
(i = 1) 
(i = 2,4, ... ,6u) 
(i = 3,5, ... , 6u + 1) 
(i = 6u + 2, 6u + 3, ... , 12u + 2) 
(i = 12u + 4, 12u + 6, ... , 16u + 4) 
(i = 12u + 5, 12u + 7, ... , 14u + 1) 
(i = 14u + 3, 14u + 5, ... , 16u + 3) 
(i= 16u+5,16u+7, ... ,18u+1) 
(i = 16u + 6, 16u + 8, ... , 18u + 2) 
(i = 18u + 3) 
(i = 18u + 4) 
(i = 18u + 5, 18u + 6, ... , 24u + 5) 
Then 1['2(St) is the union of the following sets 
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{7r2( i) i =1} 
{7r2(i) i =2,4, ... , 6u} 
{7r2( i) i =3,5, ... ,6u+ I} 
{7r2( i) i =6u + 2, 6u + 3, 12u + 2} 
{7r2( i) i =12u + 4, 12u + 6, ... , 16u + 4} 
{7r2( i) i =12u + 5, 12u + 7, ... , 14u + I} 
{7r2( i) i =14u + 3, 14u + 5, ... , 16u + 3} 
{7r2( i) i =16u + 5, 16u + 7, ... , 18u + I} 
{7r2( i) i =16u + 6, 16u + 8, ... , 18u + 2} 
{7r2( i) i =18u + 3, 18u + 4} 
{7r2( i) i =18u + 5, 18u + 6, ... , 24u + 5} 
= 
= 
= 
= 
= 
= 
= 
= 
{2} 
{12u + 1, 12u - 3, ... , 5} 
{12u, 12u - 4, ... ,4} 
{24u+4} 
U{24u + 1, 24u - 3, ... , 12u + 5} 
U{24u + 2, 24u - 2, ... , 12u + 6} 
{12u - 1, 12u - 5, ... , 4u - I} 
{24u,24u - 4, ... , 20u + 8} 
{8u+ 2,8u - 2, ... ,4u+ 2} 
{4u - 5,4u - 9, ... ,3} 
{16u, 16u - 4, ... , 12u + 8} 
{24u + 5, 12u + 4} 
{20u + 7, 20u + 3, ... , 12u + 7} 
U{4u - 2,4u - 6, ... ,6} 
U{20u + 4, 20u, ... , 16u + 4} 
U{24u + 3, 24u - 1, ... , 20u + ll} 
U{12u - 2, 12u - 6, ... , 8u + 6} 
U{12.u + 2, I} 
which is St, and {i - 7r2(i) liE St} is the union of the following sets 
{i - 7r2{i) Ii =1} 
{i - 7r2{ i) i =2,4, ... , 6u} 
{i - 7r2{ i) I i =3,5, ... , 6u + I} 
{i - 7r2{i) Ii =6u+ 2,6u + 3, 12u + 2} 
{i - 7r2{i) i =12u + 4, 12u + 6, ... , 16u + 4} 
{i - 7r2(i) i =12u + 5, 12u + 7, ... , 14u + I} 
{i - 7r2(i) i =14u + 3, 14u + 5, ... , 16u + 3} 
{i - 7r2(i) i =16u + 5, 16u + 7, ... , 18u + I} 
{i - 7r2(i) i =16u + 6, 16u + 8, ... , 18u + 2} 
{i-7r2{i) i=18u+3,18u+4} 
{i - 7r2{i) i =18u + 5, 18u + 6, ... , 24u + 5} 
which again is St. 
= {24u+5} 
= {12u+ 7, 12u+ 13, ... ,24u + 1, 
1, 7, ... , 6u - 5} 
= {12u + 9, 12u + 15, ... , 24u + 3, 
3,9, ... , 6u - 3} 
= {12u+4} 
U{6u + 8, 6u + 14, ... , 24u + 2} 
U{6u + 6, 6u + 12, ... , 24u} 
= {5,1l, ... ,12u+5} 
= {12u+ll,12u+17, ... ,18u-1} 
= {6u+1,6u+7, ... ,12u+1} 
{12u + 10, 12u + 16, ... , 18u - 2} 
= {6,12, ... ,6u-6} 
= {18u + 4, 6u} 
= {18u + 10, 18u + 16, ... ,24u - 2} 
U{2, 8, ... , 6u + 2} 
U{24u + 4,4,10, ... , 12u - 2} 
U{18u + 11, 18u + 17, ... , 24u - 1} 
U{6u + 9, 6u + 15, ... , 12u - 3} 
U{6u + 3, 18u + 5} 
o 
Theorem 2.5 There exists a GBRD( v, 3, 2tj Z2t) for all t 2: 4 and all v == 1 or 9 (mod 
12). 
Proof: Let v satisfy the above condition. From [3], a GBRD(v,3,2jZ2) exists, and 
the e..xistence of a BIBD(v,3,1) is well known. The result then follows from Lemmas 
2.3 and 2.4. 0 
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Note. Results about the existence of GBRD( v, 3, 2tj Z2t)S with t < 4 are given in [4]. 
For some values of v, for example v := 6, there exists a G BRD( v, 3, 2tj Z2t) for even 
t but not for odd t: 
Theorem 2.6 There exists a GBRD(v,3,2tj Z2t) for t even and v:= 6. 
Proof: 
replace: 
In the following incidence matrix of a BIBD(6,3,2) 
1 0 0 1 0 0 0 1 1 1 
1 1 1 0 1 0 0 1 0 0 
0 1 1 1 0 1 0 0 1 0 
0 0 1 1 1 0 1 0 0 1 
1 0 0 0 1 1 1 0 1 0 
0 1 0 0 0 1 1 1 0 1 
each 0 by t *'s 
the 1st 1 of each column by to's 
the 2nd 1 of columns 1, 2 and 4 by 0, 1,2, . : . , t - 1 
the 2nd 1 of columns 3, 7, 8 and 9 by t, t + 1, ... ,2t - 1 
the 2nd 1 of columns 5 and 10 by 1,3, ... , 2t - 1 
the 2nd 1 of column 6 by 1,2, ... , t 
the 3rd 1 of columns 1,2, 3 and 4 by 0,2, ... , 2t - 2 
the 3rd 1 of columns 5 and 10 by t, t + 1, ... ,2t - 1 
the 3rd 1 of columns 6 and 7 by 2t - 1,2t - 2, ... , t 
the 3rd 1 of column 8 by t - 1, t - 2, ... ,0 
the 3rd 1 of column 9 by 1,3, ... ,2t - 1 
It is easy to check that the resulting matrix is a GBRD(6,3,2tj Z2t). 
We now construct GBRDs with k := 4. 
o 
Lemma 2.7 1ft == 1 or 5 (mod 6) then there exist at least three permutations 1I"t, 11"2, 11"3 
of St satisfying (2) of Lemma 2.3. 
Proof: Let 11"1 and 11"2 be the permutations given in the proof of Lemma 2.4, (part (iv) 
(a», and let 1I"3(i) = 1I"2(i) - i (i ESt). 
The proof of Lemma 2.4 (part (iv)(a» remains valid for all t == 1 or 5 (mod 6), so 
we have that 11"17 11"2 and 11"1 - 11"2 are permutations of St. Now 
so clearly 11"3 is a permutation of St. Also 
. (.) {-2i (i=1, ... ,t-1) 
~ - 11"3 ~ := . (. 
t+4~ ~=t+1, ... ,2t-1) 
so 11"1 - 11"3 is a permutation of St. Finally 
so 11"2 - 11"3 is a permutation of St. o 
8 
Theorem 2.8 There exists a GBRD( v,4, 2; ~2) for all t == 1 or 5 (mod 6) and v == 1 
(mod 12), v a prime power (or v = 85 or 133). 
Proof: From [1] there exists a G B RD( v, 4, 2t; Z2t) for all v satisfying the above condi-
tion, and the existence of a BIB DC v, 4, 1) is well-known. The result then follows from 
Lemmas 2.3 and 2.7. 0 
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